A conjecture of Ulam states that the standard probability measure π on the Hilbert cube I ω is invariant under the induced metric d a provided the sequence a = {a i } of positive numbers satisfies the condition
Introduction
Throughout this paper, let us define R ω = (x 1 , x 2 , . . .) : x i ∈ R for all i ∈ N such that R ω is a real vector space. From now on, we denote by (R ω , T ) the product space
R, where (R, T R ) is the usual topological space. Then (R ω , T ) is a Hausdorff space, since (R, T R ) is a Hausdorff space (see [4, Theorem 111.7] ).
Let I = [0, 1] be the closed unit interval,
[0, 1] the Hilbert cube, and let π be the standard product probability measure on I ω . We denote by (I ω , T ω ) the (topological) subspace of (R ω , T ). Then, T ω is the relative topology for I ω induced by T . In this paper, let a = {a i } be a sequence of positive real numbers satisfying on I ω .
Remark 1.1 It is to be noted that
(i) d a is consistent with the topology T ω and invariant under translation (see [6] );
(ii) (I ω , T ω ) is a Hausdorff space as a metric space or as a subspace of the Hausdorff space (R ω , T );
(iii) (I ω , T ω ) is a compact subspace of (R ω , T ) by Tychonoff 's theorem.
S. M. Ulam raised the question whether the standard probability measure π on I ω is d a -invariant (see [9, Chapter IV]). In 1974, by using the axiom of choice, J. Mycielski [5, 6] answered the question affirmatively under the additional assumption that the sets are open. And he asked in [5] whether one can prove the conjecture of Ulam under the assumption that the sets are closed. As a further step, J. W. Fickett [1] showed in 1981 that Ulam's conjecture is true if the sequence a = {a i } is very rapidly decreasing to 0 such that
In 2018, the author and E. Kim proved the Ulam's conjecture in their paper [3] for the case when the sequence a = {a i } of positive real numbers is monotone decreasing and satisfies the condition
(see also [2] ). In this paper, we prove the conjecture of Ulam completely by proving the Mycielski's theorem for Borel sets. More precisely, under the assumption that the sequence a = {a i } of positive real numbers satisfies the condition (1.1), we prove that for any Borel subsets E 1 and E 2 of I ω , if there exists a surjective d a -isometry f : E 1 → E 2 , then π(E 1 ) = π(E 2 ).
Preliminaries
We define
where a = {a i } is a sequence of positive real numbers satisfying the condition (1.1). Then, M a is a vector space over R. Let us introduce an inner product ·, · a for M a defined by
for all x = (x 1 , x 2 , . . .) and y = (y 1 , y 2 , . . .) in M a . In view of the definition (1.2), the metric d a on I ω can be extended to the metric on M a , i.e.,
for all x, y ∈ M a . Furthermore, this inner product induces the norm x a = x, x a for any x ∈ M a .
Let (M a , T a ) be the topological space generated by the metric d a . In view of Remark 1.1 (ii), (iii) and using [4, (ii) (I ω , T ω ) is a compact subspace of (M a , T a );
Any subsets J and K of M a are called d a -isometric provided there exists a surjective
In [3, Theorem 2.5], we could extend the d a -isometry f to a more general domain if the domain of f is a non-degenerate basic cylinder (see Definition 2.3 for the exact definition of non-degenerate basic cylinders). But we shall see in Theorem 2.2 that the d a -isometry f can be extended whenever it is defined on a nonempty subset of M a . We first introduce a lemma that is a generalized version of [3, Lemma 2.3] and whose proof runs in a similar way. Hence, we omit the proof. Lemma 2.1 Let E 1 and E 2 be nonempty subsets of M a that are d a -isometric to each other via a surjective d a -isometry f : E 1 → E 2 . Assume that p is an element of E 1 and q is an element of E 2 with q = f (p). Then T −q • f • T p preserves the inner product, i.e.,
for all x, y ∈ E 1 .
Assume that E 1 and E 2 are nonempty subsets of M a that are d a -isometric to each other via a surjective d a -isometry f : E 1 → E 2 . Throughout this section, suppose p is a fixed element of E 1 and q is an element of E 2 with q = f (p). We now define the generalized linear span of E 1 with respect to p as
and a function F :
is well defined because we can easily show that if
Theorem 2.2
Under the same conditions of Lemma 2.1, the function F :
Proof. Let u and v be arbitrary elements of the generalized linear span GS(E 1 , p) with respect to an element p of E 1 and let q be an element of E 2 with q = f (p). Then there exist
Then, according to (2.2), we have
By Lemma 2.1 and (2.4), we get
for all u, v ∈ GS(E 1 , p). By using this equality, we further obtain
In particular, we set α 1 = 1, α 2 = α 3 = · · · = 0, and x 1 = x in (2.3) and (2.4) to see
For each i ∈ N, we set e i = (0, . . . , 0, 1, 0, . . .) with 1 in the ith position. Then
e i is a complete orthonormal sequence (see [3] ).
Definition 2.1 Given a nonempty subset E of M a , we define Λ(E) = i ∈ N : there are some x ∈ E and some α ∈ R\{0} such that x + αe i ∈ E .
If Λ(E) = N then E will be called non-degenerate. Otherwise, E will be called degenerate.
Lemma 2.
3 Let E be a nonempty subset of M a and let GS(E, p) be the generalized linear span of E with respect to an element p of E.
Proof. By the definition of Λ(E), if i ∈ Λ(E) then there exist an x ∈ E and an α 0 = 0 such that x + α 0 e i ∈ E. Since x ∈ E and x + α 0 e i ∈ E, by the definition of GS(E, p), we get
for all β ∈ R. Setting α = α 0 β in the relation above, we have p + αe i ∈ GS(E, p) for any α ∈ R.
We refer the reader to Definition 2.3 for the exact definition of basic cylinders. Lemma 2.4 Let E be a basic cylinder in M a and let GS(E, p) be the generalized linear span of E with respect to a fixed element
Proof. Assume that x i = p i for all x ∈ E. Then for any y ∈ E and α = 0, we have y + αe i ∈ E because y i + α = p i + α = p i , which implies that i ∈ Λ(E). On the other hand, we assume that i ∈ Λ(E) and, on the contrary, assume that x i = p i for some x ∈ E. Because E is a basic cylinder, E is expressed by (4.1) and (4.2) with E and E j instead of J and J j there. Since p, x ∈ E, p j ∈ E j and x j ∈ E j for all j ∈ N. Thus, we have p+(x i −p i )e i = (p 1 , . . . , p i−1 , x i , p i+1 , . . .) ∈ E because each jth coordinate of p+(x i −p i )e i belongs to E j , which would imply that i ∈ Λ(E), a contradiction. Therefore, we proved that i ∈ Λ(E) if and only if x i = p i for all x ∈ E. Finally, it is easy to see that x i = p i for all x ∈ E if and only if x i = p i for all x ∈ GS(E, p), which completes our proof.
It follows from Lemma 2.4 that if E 1 is a basic cylinder and GS(E 1 , p) is the generalized linear span of E 1 with respect to a fixed element p of E 1 , then
for all u ∈ GS(E 1 , p). Using an analogous method to the proof of [3, Theorem 2.4], we can prove the following theorem. We will here omit the proof.
Theorem 2.5 Let E 1 be a basic cylinder and E 2 a subset of M a such that there exists a surjective d a -isometry f :
Assume that p is an element of E 1 , q is an element of E 2 with q = f (p) and GS(E 1 , p) is the generalized linear span of E 1 . For the d a -isometry
for all u ∈ GS(E 1 , p).
Remark 2.2
Let E 1 be a basic cylinder and E 2 a subset of M a that are d a -isometric to each other via a surjective d a -isometry f :
Assume that p is an element of E 1 , q is an element of E 2 with q = f (p) and GS(E 1 , p) is the generalized linear span of E 1 . Comparing (2.5) and (2.6), under the action of the d a -isometry
, the following statements are true.
(i) The orthonormal sequence
, which is also an orthonormal sequence;
(ii) The coordinates (or Fourier coefficients) u − p,
s i , where s i is the (Euclidean) length of the ith edge of J.
Definition 2.2
The 'elementary volume' of a basic cylinder J is denoted by vol(J) and defined by
For each positive integer n, let I n be the set of all intervals of the form
the J i 's are given by
and 0 ≤ p 1i ≤ p 2i ≤ 1 for every i ∈ {1, 2, . . . , n}. Only a finite number of edges of each interval in I n are of (Euclidean) length less than 1 and the remaining infinitely many edges are of length 1. For i ∈ {1, 2, . . . , n}, each J i is a closed subset of [0, 1] with respect to the relative topology for [0, 1]. Thus, the interval
is a closed subset of the Hilbert cube I ω for each i ∈ {1, 2, . . . , n}. In particular, when i = 1, we read the last expression as
Since every interval J ∈ I n is expressed as
each J ∈ I n is a closed subset of I ω as the intersection of closed sets. Since I ω is a closed subset of M a by Remark 2.1 (iii), we use [4, Theorem 80.4] to conclude that J is a closed subset of M a . Now, let us define
For each interval J ∈ I, there should correspond an n ∈ N with J ∈ I n . Therefore, every interval of I is a closed subset of M a .
Moreover, let us define
We denote by C the set of every subset K of M a , for which there exist a basic cylinder J ∈ B and a surjective d a -isometry f : J → K, and we define C δ = {K ∈ C : d a (K) < δ} for any δ > 0.
Definition 2.3 Every interval in B will be called a basic cylinder and each element of C a cylinder. If Λ(J) = N, then each element K of C will be called a non-degenerate cylinder. Otherwise, K will be called a degenerate cylinder.
Let J be a basic cylinder and let K be a subset of M a such that J is d a -isometric to K via a surjective d a -isometry f : J → K. Since J is a compact subset of M a (as a closed subset of a compact set I ω ), K is also a compact subset of M a as the continuous image of a compact set J (see [4, Theorem 91.7] ). Moreover, K is a closed subset of M a as a compact subset of the Hausdorff space M a (see [4, Theorem 91.2] ). Hence, we come to an important consequence.
Remark 2.3 Every cylinder
K ∈ C is closed in M a .
Construction of a d a -invariant measure
In Definition 2.2, we defined the elementary volume 'vol' by
for any cylinder K ∈ C for which there exist a basic cylinder J ∈ B and a surjective d a -isometry f : J → K, where s i is the (Euclidean) length of the ith edge of J and by regarding the proof of Lemma 2.4, we have Λ(J) = i ∈ N : there are some x ∈ J and some α ∈ R\{0} such that x + αe i ∈ J = i ∈ N : there is some x ∈ J such that x i = p i ,
Lemma 3.1 If E is a non-degenerate subset of M a and p is an element of E, then GS(E, p) includes every cylinder from C.
Proof. According to Lemma 2.3, p + αe i ∈ GS(E, p) for all α ∈ R and for all i ∈ N, where GS(E, p) is the generalized linear span of E with respect to a fixed element p = (p 1 , p 2 , . . .) of E. With α = 1 fixed, we get p + e i ∈ GS(E, p) for all i ∈ N. That is, there exist
We assume that x = (x 1 , x 2 , . . .) is an arbitrary point of a cylinder K from C. Then,
where (x i − p i )α ij ∈ R and y ij ∈ E, which implies that x ∈ GS(E, p). Therefore, we conclude that K ⊂ GS(E, p).
If we set vol(∅) = 0, then the volume 'vol' defined in (3.1) is a pre-measure (see [7, Definition 5] ). According to [7, Theorem 15], we can define an outer measure µ on M a by
for all subsets E of M a , where
If, in addition, the diameter of each C i is less than δ, then {C i } is called a δ-covering of E. 
which implies that µ(E 1 ) = 0. On the other hand, let F : GS(E 1 , p) → M a be the d aisometry defined by (2.2), which extends the surjective d a -isometry f :
vol(C i ) = 0, which implies that µ(E 2 ) = 0, i.e., µ(E 1 ) = µ(E 2 ). We now assume that E 1 is non-degenerate and E 1 , E 2 are d a -isometric to each other via the surjective d a -isometry f : E 1 → E 2 . Let δ > 0 be given. By the definition of µ δ , for any ε > 0, there exists a δ-covering {C i } of E 1 with cylinders from C δ such that
In addition, by the definitions of B δ and C δ , there exist a basic cylinder B i ∈ B δ and a surjective d a -isometry f i : B i → C i for each i ∈ N. Using the definition of F given in (2.2), Theorem 2.2 states that F : GS(E 1 , p) → M a is a d a -isometry which extends the surjective d a -isometry f :
Let b be temporarily a fixed element of B i , let c be an element of F (C i ) with c = g(b), and let GS(B i , b) be the generalized linear span of B i with respect to b. We now define a function
for all x 1 , x 2 , . . . ∈ B i and all α 1 , α 2 , . . . ∈ R with
Then, by (2.2) and Theorem 2.2, G is a d a -isometry and it is an extension of
Further, by applying a similar argument to the surjective d a -isometry f i : B i → C i , we get vol(B i ) = vol(C i ). Thus, we have
for all i ∈ N. Therefore, it follows from (3.3) and (3.4) that
Since we can choose a sufficiently small ε > 0, we conclude that µ δ (E 2 ) ≤ µ δ (E 1 ). Conversely, if we exchange their roles of E 1 and E 2 in the first part of this proof, then we get µ δ (E 1 ) ≤ µ δ (E 2 ). Hence, we conclude that µ δ (E 1 ) = µ δ (E 2 ) for any δ > 0. Therefore, it follows from the definition (3.2) of µ that µ(E 1 ) = µ(E 2 ).
It is easy to prove that µ(I ω ) ≤ 1.
Proof. We apply an idea from the proof of [6, Lemma 1] . For a given δ > 0, there exist positive integers m and n such that I n = [0, 1] n is covered by m n isometric (closed) n-cubes C i (i ∈ {1, 2, . . . , m n }) with non-overlapping interiors and d a (B i ) < δ for all i ∈ {1, 2, . . . , m n }, where B i is the cylinder in I ω over C i , i.e., B i ∈ B δ for each i ∈ {1, 2, . . . , m n }. Then, B 1 , B 2 , . . . , B m n is a δ-covering of I ω with non-degenerate basic cylinders from B δ and
Hence, it follows from (3.2) that µ(I ω ) = lim
Lemma 3.4 Given real numbers δ and b with 0 < δ <
Proof. (i) If 0 ≤ b < δ, then 0 ≤ b < δ < 1 − δ and we get α = 0 and β = b + δ < 2δ. Hence, it follows that 0 < β − α < 2δ and α ≤ b < β.
(ii) If δ ≤ b ≤ 1 − δ, then α = b − δ and β = b + δ. Thus, we have 0 < β − α = 2δ and α < b < β.
(iii) Finally, if 1 − δ < b ≤ 1, then we see that α = b − δ and β = 1. So, we have 0 < β − α = 1 − b + δ < 2δ and α < b ≤ β.
For every basic cylinder C ∈ B, let ∂C denote the boundary of C. In the following lemma, we will prove that µ(∂C) = 0. Proof. Similarly as in the proof of Lemma 3.3, there exist positive integers m and n such that I n = [0, 1] n is covered by m n isometric n-cubes C n i (i ∈ {1, 2, . . . , m n }) with non-overlapping interiors, where each C n i is a closed subset of I n . Let δ and b be any real numbers with 0 < δ < 1 2 and 0 ≤ b ≤ 1, α and β be defined as in Lemma 3.4, P i = C n i × [α, β] be an (n + 1)-dimensional rectangular parallelepiped, and let B i denote the cylinder in I ω over P i with d a (B i ) < δ for all i ∈ {1, 2, . . . , m n }, i.e., B i ∈ B δ for each i ∈ {1, 2, . . . , m n }.
In view of Lemma 3.4, {B 1 , B 2 , . . . , B m n } is a δ-covering of a hyper-plane H given by
Hence, by the definition of µ δ and using Lemma 3.4 again, it holds that
and further we get
Let C be a basic cylinder in B. In view of (2.7), without loss of generality, we will deal with the basic cylinder of the form
only, where there exists a positive integer n such that 0 ≤ p 1i ≤ p 2i ≤ 1 for each i ∈ {1, . . . , n} and p 1i = 0, p 2i = 1 for all i > n. Then, there are at most countably many hyper-planes H 1 , H 2 , . . . of the form
Finally, it follows from (3.6) and (3.7) that
which completes the proof.
Efficient coverings
Based on the definitions of B δ and C δ in Section 2, for any cylinder K ∈ C δ , we choose a basic cylinder J ∈ B δ and a surjective d a -isometry f : J → K such that
where
for some disjoint finite subsets Λ 1 , Λ 2 , Λ 3 , Λ 4 of N and 0 < p 1i < p 2i < 1 for i ∈ Λ 1 ∪Λ 2 ∪Λ 3 and 0 ≤ p 1i ≤ 1 for i ∈ Λ 4 . According to Theorem 2.2, there exists a d a -isometry F : GS(J, p) → M a that extends the surjective d a -isometry f : J → K. If we define
Lemma 4.1 Let J be a degenerate basic cylinder and GS(J, p) the generalized linear span of J with respect to the midpoint p of J. Then GS(J, p) ∩ I ω is a compact subset of M a .
Proof. Let J be a degenerate basic cylinder defined by (4.1) and (4.2), where Λ 1 , Λ 2 , Λ 3 , and Λ 4 are some disjoint finite subsets of N and Λ 4 = ∅. We here note that Λ(J) = N \ Λ 4 . (Assume that i ∈ Λ(J). Then, due to Lemma 2.3, p + αe i ∈ GS(J, p) for all α ∈ R. By this fact and (2.1), there exists an x ∈ J with x i = p i and hence, i ∈ Λ 4 . On the other hand, assume that i ∈ Λ 4 . Then it follows from (4.2) that x i = p i for some x ∈ J. Since p, x ∈ J and J is a basic cylinder, we have p + (
Since p ∈ J and x i − p i = 0, by Definition 2.1, we get i ∈ Λ(J).)
Assume that p = (p 1 , p 2 , . . .) is the midpoint of J explicitly given by
Let x = (x 1 , x 2 , . . .) be an arbitrary point of I ω with x i = p 1i for each i ∈ Λ 4 . Since 0 ≤ x i ≤ 1 for each i ∈ N, we can choose a sufficiently small real number ε = 0 and define a point r = (r 1 , r 2 , . . .) by
Assume that x = (x 1 , x 2 , . . .) ∈ I ω but x ∈ GS(J, p). With that j ∈ Λ 4 just above (i.e., j ∈ Λ(J)) and by using Lemma 2.4, we obtain
for all y = (y 1 , y 2 , . . .) ∈ GS(J, p), where the term a 2 j (x j − p 1j ) 2 is obviously independent of the choice of y ∈ GS(J, p), which implies that the complement of GS(J, p) ∩ I ω in I ω is open in I ω , i.e., GS(J, p) ∩ I ω is closed in I ω and since I ω is closed in M a by Remark 2.1 (iii), GS(J, p) ∩ I ω is closed in M a . Thus, we can conclude that GS(J, p) ∩ I ω is a compact subset of M a as a closed subset of the compact subset (I ω ) of M a .
Due to Lemma 4.1, if J is a degenerate basic cylinder and GS(J, p) denotes the generalized linear span of J with respect to the midpoint p of J, then GS(J, p) ∩ I ω is a compact subset of M a . On the other hand, according to Lemma 3.1, GS(J, p) includes I ω whenever J is a non-degenerate basic cylinder. Hence, we conclude that 
extends the surjective d a -isometry f : J → K and F 1 is a closed mapping. In addition, since F 1 is one-to-one, it is a homeomorphism. As a result, F 1 is also an open mapping.
We now define
with
and b * is a sufficiently small positive real number in comparison with each of p 2i , p 2i − p 1i , and 1 − p 1i for all i ∈ Λ 1 , i ∈ Λ 2 , and i ∈ Λ 3 , respectively. We then note that J * ⊂ J. Taking Remark 2.2 (ii) and (iii) into account, we can cover the cylinder K = f (J) with a finite number of translations of f (J * ) as efficiently as we wish by choosing the b * sufficiently small (see the illustration and Lemma 4.2 below).
In view of Remark 4.2, the surjective d a -isometry Lemma 4.2 Let δ > 0 and ε > 0 be given. If K is a cylinder from C δ , then there exist a finite number of translations K 1 , K 2 , . . . , K m of some cylinder in C δ (for example, f (J * ) above and see the corresponding illustration above) such that
is included in the union of at most countably many (d a -isometric images of ) hyper-planes of the form (3.5) which have µ-measure 0;
Proof. We can choose a J ∈ B δ and a surjective d a -isometry f : J → K, where J is a basic cylinder of the form given in (4.1) and (4.2). We now define a basic cylinder J * by (4.3) and (4.4) such that J * ⊂ J. Then J can be covered with at most
translations of the basic cylinder J * , where [x] denotes the largest integer not exceeding the real number x. This fact, together with Remark 2.2 (ii) and (iii), implies that the cylinder K = f (J) can be covered with at most m translations of the cylinder f (J * ) which are denoted by K 1 , K 2 , . . . , K m (see the previous illustration). Moreover, in view of Remark 2.2 (iii), we have
for each i ∈ {1, 2, . . . , m} and
and we choose a sufficiently small b * such that the term O(b * ) becomes less than ε.
Using Lemmas 3.3 and 4.2, we will prove that µ(I ω ) = 1.
Proof. Given a δ > 0 and an ε > 0, let {K i } be a δ-covering of I ω with cylinders from C δ such that
In view of Lemma 4.2, for each K i , there exist translations K i1 , K i2 , . . . , K im i of some cylinder in C δ such that
is included in the union of at most countably many (d a -isometric images of) hyper-planes of the form (3.5) whose µ-measures are 0;
We notice that each K ij is a cylinder from C δ . If we replace the covering {K i } with a new δ-covering {K ij }, then it follows from (iii) that
and it follows from this inequality and (4.5) that
whether some of the K i 's are degenerate or not. If we take a sufficiently small value of ε > 0, then we have µ δ (I ω ) ≥ 1 and µ(I ω ) = lim δ→0 µ δ (I ω ) ≥ 1. On the other hand, in view of Lemma 3.3, we have µ(I ω ) ≤ 1. Hence, we conclude that µ(I ω ) = 1.
Ulam's conjecture on invariance of measure
According to [7, Theorems 16 and 19] , all Borel sets in M a are µ-measurable. Moreover, each Borel subset of I ω is also a Borel subset of M a , i.e., each Borel subset of I ω is µ-measurable.
In view of Theorems 3.2 and 4.3, the measure µ is d a -invariant with µ(I ω ) = 1. The proof of the following lemma is comparable to that of [6, Lemma 1].
Lemma 5.1 The measure µ coincides with the standard product probability measure π on the Borel subsets of I ω .
Proof. Similarly as in the proof of Lemma 3.3, consider a covering of I n = [0, 1] n by m n isometric n-cubes with non-overlapping interiors, where each n-cube is closed in I n . Let Z mn be the collection of cylinders in I ω over those n-cubes, i.e., Z mn ⊂ B. The translation invariance of d a implies that of µ. Thus, we have Z mn generate the Borel σ-algebra over I ω . Hence, by well known facts, (5.3) implies that µ coincides with π on the Borel subsets of I ω .
As we already knew, the measure µ is d a -invariant. Using Lemma 5.1, we obtain our main result: Theorem 5.2 For any sequence a = {a i } of positive real numbers satisfying (1.1), the standard product probability measure π on I ω is d a -invariant. More precisely, if E 1 and E 2 are Borel subsets of I ω that are d a -isometric to each other, then π(E 1 ) = π(E 2 ).
